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Asymptotic estimations of the Christoffel type functions for L,, extremal polyno-
mials with an even integer m with respect to the Jacobi weight are established. Also,
asymptotic behavior of the zeros of the L,, extremal polynomials and the Cotes
numbers of the corresponding Turan quadrature formula is given. ~ © 2001 Academic Press

1. INTRODUCTION AND MAIN RESULTS

Throughout this paper let m be an even integer and M :={0, 2, 4, ...,
m—2}. Let 1 be a nondecreasing function on R with infinitely many points
of increase such that all moments of du are finite. We call du a measure.
For NeN let P, denote the set of polynomials of degree at most N and
P% the subset of polynomials in P, having real zeros only. We agree
P§=P,. Put P}(x):={PeP}:P(x)=1} for xeR. 0P stands for the
exact degree of a polynomial P, i, PeP,p\Pyp_,. In what follows we
denote by ¢, ¢, ... positive constants independent of variables and indices,
unless otherwise indicated; their value may be different at different occurrences,
even in subsequent formulas. We write a, ~ b, if ¢; <a, /b, < c, holds for
every n. The notations a(x) ~ b(x) and a,(x) ~ b,(x) have similar meaning.
We define the L,, monic extremal polynomials

P,(du,m;x)=x"+ -, n=0,1, ..,
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for which

an(du,m;x)mdu(x)= min jP(x)mdﬂ(x). (1.1)

P(x)=x"+ --.

Then the polynomial P,(du, m; x) satisfies the L,, orthogonality [10,
Theorem 1.11, p. 56]

| P, s xy" = g(x) du(x) =0, geP,_,. (12)

R

If u is absolutely continuous then we will usually write w (called a weight)
and P,(w, m; x) instead of x4’ and P,(du, m; x), respectively. According to
Theorem 4 in [1], if x4, 1= xp,(du) with

X1p > X0y > 00 > Xy

are the zeros of P,(du, m; x) then the Gaussian quadrature formula with
certain numbers A := A;,(di) (called the Cotes numbers of higher order)

m—2 n
J, f0)dux)= T % 2 Olxe) (13)

i=0 k=1

is exact for all feP,,,_;.

As we know, the case when m =2 is the special case of orthogonal poly-
nomial; it has a long history of study and a classical theory. One of the
important contents of this theory is the Christoffel function

A(di, x):=  min jp(r)Zdﬂ(z), (1.4)

PeP,_,P(x)=1'R
which is closely related to the Cotes numbers
/IOan(dlu) = ln(dfua xkn(dﬂ))a k= 1, 2; ey 1 (15)

In [9] we introduced and investigated the Christoffel type functions for
the L,, extremal polynomials, which are extensions of the Christoffel func-
tions for the classical orthogonal polynomials. Let us give the definition.

Given a fixed xeR and neN, for PeP,_, with P(x)=1 and je M let

— Ljnm

1 )
A;(P, x; 1) := Ay, (P, X5 1) == (t—x)! B;(P, x; t) P(1)™,
J!

B(P,x, ')EPm—j—Z’ (16)
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satisfy the interpolatory conditions

AD(P, x; x) =06 i=0,1,..m—2. (1.7)

ijs

Here for simplicity we accept the notation: f(P, x; t) := %i, f(P,x;t). Itis
easy to see that 4;(P, x; t) must exist and be unique. If PeP}_(x) then
by [9, Lemma 1] we have

m—j—2
Bi(P,x;t)= ) b(t—x), (1.8)
i=0
where
1 e .
b,:b,-(P;x)z,—'[P(t) ”’](t’ix, i=0,1,..,
i!
and
by j—2>0, B;(P,x;t)>0, teR, jeM (1.9)

DeriNiTION 1. The Christoffel type function A,,(du, x) (j€M) with
respect to du is defined

Jo (du,x)= inf JAj(P,x;t)d,u(t).

“jnm
PeP* |(x) 'R

According to (1.9) we conclude 4,,,(du, x) > 0.

Remark. For m =>4 the restriction Pe P*_,(x) can not be replaced by

n—1
the condition PeP,_, with P(x)=1, for otherwise the relation (1.9) may
be violated and the relation A,,,(du, x)= —oco0 may occur. For example

choose P(t) =1+ d(t — x)* with a number d > 0. By a simple calculation we
see

Am—4(P5 X5 l) =

(mi4)' (t=x)""*[1—md(t=x)] P(t)",  m=>4.

Thus by the mean value theorem for integration with a certain number 7

[, AP0 dutr)

B (mi4)! P(0)" |t~ [1 = md(i—x)*] du(1),

which tends to —oo as d —> + oo, because P(7) > 1.
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In this paper we will give asymptotic estimations of 4,,,(w, x) for a
weight w ~ w*#, where

weA(x) = (1 —x)* (1 +x)5, |x| <1,
w®A(x) =0, IxI=1, o f>—1
Based on this result we will determine asymptotic behavior of the zeros

Xin(w) and the Cotes numbers A, (w) for w ~w® A The main results are
as follows.

THEOREM 1. If jeM and
W~ w@ A, (1.10)

then, with the constants associated with the symbol ~ depending on m
and w,

;“jnm(wa x) ~ ;“n(M)a X) An(x)j

1 .
~— WP A x,  xe[—1,1], (L11)
n
where
1— 2\1/2 1
NeS i kAL
n n
and
1 2y+1 20+1
wﬁf"s)(x):z[(l—x)l/z—i-} [(l—l—x)l/z—i-} ., 7O0eR
n n
Clearly,

1 1 20+ 1
w9 x) = {(1 —x2)1/2+£ [(1=x)"+(14x)"] +n2}

20+ 1

~{(1—x2)1/2+ﬂ = [nd,(x)]* ",

Thus, as a direct consequence of Theorem 1, we have
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COROLLARY 1. IfjeM and w~w™®, then, with the constants associated
with the symbol ~ depending on m and w,

LWy X) ~ 024, (x)2*+ 7+, xe[—1,1]. (1.12)
By the definition of 4,,, from (1.12) we obtain

COROLLARY 2. IfjeM and

W) <(orz)———,  xe(—1,1), (1.13)
1—x?
then
AW, X) < (0r=) e;n~'4,(x)’,  xe[—1,1]; (1.14)
if je M and
w(x)<(or=)ec, xe[—-11], (1.15)
then
AW, X) < (01 =) cp4,(x)7 T, xe[—1,1]. (1.16)
THEOREM 2. Let
Xin(W)=cos O, (w), k=0,1,..,n+1, xp,(w)=1, X,y ,(w)=—1

If (1.10) is true, then, with the constants associated with the symbol ~
depending on m and w,

1
Or 11, 2(W) = Opp(w) ~—, k=0,1,..n (1.17)
n

As an immediate consequence of Theorem 2 we state

COROLLARY 3. [If (1.10) is true, then, with the constants associated with
the symbol ~ depending on m and w,

9~6kn(m})’ ee[gkn(“})a 0k+l,n(mj):|’ k:1> 2’ e N (118)
and
xkn(m})_xk—o—l,n(W)NAn(xkn(M/))) k:()a 15"‘9 n. (119)

The special cases when m =2 of Theorems 1 and 2 can be found in
[6, Lemma 1] (Lemma B below) and [ 6, Theorem 3], respectively.
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THEOREM 3. Let jeM be fixed. Then (1.10) is valid if and only if both
(1.11) and (1.17) are valid, in which the constants associated with the symbol
~ depend on m and w.

For the Chebyshev weight v :=w(~12 =12 P_Turan raised the following
problem [ 12, p.47]:

Problem 26. Give an explicit formula for 4,,,(v) and determine its
asymptotic behavior as n — oo.

The author [7] gives an answer to this problem. In this paper the
following theorem is to give asymptotic behavior of Ay,,(w) as n— oo
for w~w(® A,

THEOREM 4. If (1.10) is true, then, with the constants associated with the
symbol ~ depending on m and w,

1 )

At W) ~ Zop(W, X (W) A(X (W)

1 _
~= WP (X (W) A (X W), JEM,
n
(1.20)

M'jknm(M}” < C)*n(w7 xkn(w)) An(xkn(w))j

1 .
NE Wizu’ ﬂ)(xkn(wy)) An(xkn(w))ja ]¢ M.

These interesting results extend the results for the Jacobi polynomials
(m=2) and will play important role in various applications of L,, extremal
polynomials, which will be considered in forthcoming papers. But a ques-
tion whether or not the results in this paper can be extended to weight
functions other than Jacobi weights is still open.

In the next section some auxiliary lemmas are established and in the last
section the proofs of the theorems are given.

2. AUXILIARY LEMMAS

First we state some known results needed later. As usual, 7,(x) stands
for the nth Chebyshev polynomial of the first kind.

LemMMA A [9, Theorems 1 and 2, Corollary 1]. There exists a unique
polynomial PeP}_,(x) such that

[ AP s 0) dud(0) = Ay, ) (21)
R
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holds for every jeM; in particular, if x = x,,(du) then

— xin(d/’l)

P(t)=14(1) := . (2.2)
‘ Ek X i) — X )
Moreover,
;"jknm(diu) = )”jnm(d,u7 xkn(d)u))a k= 19 29 e 1 jE Mn (23)
and
/’LOnZ(d;ua x) = }“n(dﬂ’ X).
LemMA B [6, Lemma 1]. If (1.10) is true, then
1 1 (o, B)
Jn(W, x)~; wieA(x),  xI <L (2.4)
LemMa C [5, Lemma 6.3.8, p. 108]. Let
T T -T T
Kn(U, X; t): n(x) n—l(l) n—l(x) n(t)’ l’l>2
n(x—1)
Then
1 — x2)12 1 — 212
|K,(v, x; t)] < c¢min {n,( X) T ) },
lx—1|
x, te[—1,1]. (2.5)

LemMA D [5, Lemma 6.3.10, p. 109]. Let w=w®# and

K, (v, x; 1)

nn_l(x; t) zm

Then there exists a positive integer N, = N,(a, B) such that for every fixed
integer N> N,

1
j|n,,_1(x;t)|Nw(z)dz<5w§fﬂ>(x), xe[—1,1], neN.  (26)
n

Lemma E [2, (3.7), p. 102; p. 104].  We have

I, (v 0)l <4, n=3, xre[ -1 1], (2.7)
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and

K, (v, x; x) ~n, |x| < 1. (2.8)

LemMA F [3, Theorem 1]. We have the generalized Markov—Stieltjes
inequality

i X (i)
Y ot di) <] " A0S Y Dol (29)

k=r+1 — oo —
LEMMA G [4]. Let PeP,. Then

max |P’(x) W(y+(1/2),5+(1/2))(x)|

[x] <1
< cn max |P(x) w?9(x)], 7, 0€R, (2.10)
x| <1
max |P(x) w(oc+(l/2),ﬁ+(1/2))(x)|

|x| <1—(c1/n?)

1
< j |P(x)] W™ A (x) dx, (2.11)
1

and

1
j |P'(x)| w+ W22 B+ 12y g
1

<en jl |P(x)] wP(x) dx. (2.12)
1

A. Markov proved an important result concerning the dependence of the
zeros of P,(w, 2; x) on a parameter t which appears in the weight function
w(x) =w(z, x) (see, say, [ 11, Theorem 6.12.1, p. 111]). Using his idea we
can deduce an analogue for L,, extremal polynomials. But for our applica-
tions later we relax the original assumption about continuity of w(z, x) and
w.(7, x) with respect to x and 7 and assume continuity of w(z, x) and
w.(t, x) with respect to t only. That is the following

LeEmMMA 1. Let w(t, x) be a weight on [a, b] depending on a parameter
T such that w(z, x) is positive and continuous with respect to t for x €(a, b),
T€(1y, T,). Also, assume the existence and continuity (with respect to t) of
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the partial derivative w(t, x) for xe€(a, b), t€ (7, 75), and the convergence
of the integrals

fa x'w(t, x) dx, v=0,1,.,2n—1,
b

uniformly in every closed interval [t', t"] = (7, 7,). If w,/w is an increasing
function of x in (a, b), then the vth zero x,(t)=x,(w(7)) (for a fixed index
v) is an increasing function of .

Proof. Differentiating the formula (1.3) with du(x)=w(z, x) dx with
respect to 7, we obtain

r f(x)w(z, x) dx
b

m—2 n
=2 2 [Aalr) £ Px(1) Xil1) + 2l 7) fO(xu(2)) ],

i=0 k=1

where

xk<f>=w, mn:@.

Substituting

P, (w(t), m; x)™
(m =1 (x —x,(7))

f(x)=

into the above formula and observing /™ ~V(x,(1)) = P,(w(t), m; x,(1))™,
here

P;(W(T), m; xk(‘[)) =75 Pn(W(T), m; -x)|x=xk(r)7

m

Wo(T, X) dx = Ly 5 1(T) P (w(1), m; X4(7))"™ X} (7).
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Using L,, orthogonality (1.2) we see

[NEECLIEIA
b X — Xi(7)

[ W[W (z, x) — e XD
b X —x4(7) K w(z, x4(1))

w(z, x)} dx

_[* Dt )" { Wiz, %) wilT, %))

b X —xi(7) w(t, x)  w(t, x(1)) } w(t, x) dx >0,

because the difference in the square brackets has the same sign as x — x,(7)
by the assumption. This proves x;(7) >0, because 4,,_, ,(7)>0 by (1.6),
(1.9), (2.1), and (2.3). 1

As consequences of this lemma we state two lemmas which are exten-
sions of [ 11, Theorems 6.12.2 and 6.21.1, pp. 112-117] and may be derived
by the same arguments as that of those theorems in [11].

LemmaA 2. Let w(x) and W(x) be weights on [a, b], both positive in
(a,b). Let W(x)/w(x) be increasing. If {x,} and {X,} denote the zeros of
the corresponding L,, extremal polynomials of degree n in decreasing order,
then

X < Xy, k=1,2,..,n
LemMMA 3. Let w(x) be a weight on [ —1, 1] and positive in (—1, 1). Let
wi(z, x)=w(x)(1 —x)° (or wy(t, x) =w(x)(1 + x)%) (2.13)
be a weight on [ —1, 1] with a parameter t for t € (1, 15) and x,(w,(7)) (or

xi(wy(7))) be the zeros of P,(wq(7), m; x) (or P,(wy(t), m; x)). Assume that
the convergence of the integrals

1
J x"In(1 —x) wy(z, x) dx
1

1
<0rf x¥In(1 + x) wy(z, x) dx>, v=0,1,..,2n—1,
1

hold uniformly in every closed interval [t', t"] < (74, 7,). Then

Fl 0
Oxlw) o () 0Ny a4
8‘[ 5‘[




CHRISTOFFEL TYPE FUNCTIONS 69
LeEMMA 4.  With the notation of (2.13) if (1.10) is true, then

Pwi(—1—a)mx)i=  lim P (w(c), m;x)
7> —1—a+0

=(x—1)P,_;(wy(m—1—0a), m; x). (2.15)
Proof. According to Lemma 3 the limit

lim P, (wi(7), m; x)
T—> —1—a+0

exists and the convergence is uniform with respect to x in [ —1, 1]. By the
definition of P, (w,(7), m; x) for —1 —a<7<0

1

[* Pwiermxym e x dr< [ L= 1777 wi(r, ) d

- —1

411(1 — ) w(x) <1 ;x>1dx

1
<2+l J (1—x)™=1=*w(x) dx

—1

=c< 0.
Thus
lim x;(wy(7))=1. (2.16)
T —1—a+0
Meanwhile by (1.2)
jil P (wy(7), m; x)"~Lg(x) wi(z, x) dx =0, VgeP,_,. (2.17)

For an arbitrary Q € P,,_, substituting g(x)=(x—1) Q(x) into (2.17), we
obtain

1
j P, (wi(t), m; x)" 1 Q(x) wi(t+ 1, x) dx =0.
-1
As 1> — 1 —a+ 0 the above equation gives

Jl P (wi(—1—a),m;x)" 1 O(x) w(—a, x) dx=0,
1
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or by (2.16) equivalently,

x—1

fl {Pn(wl(—l—fx),mm)rl

x Q(x)wy(m—1—oa, x)dx=0, VOeP,_,,

which by (1.2) means

1 7 p —1— ; "
J 1{ AWy x_l"‘)’m’x)} wi(m—1—a, x)dx

1
-  min jp(x)mwl(m—l—a,x)dx
P(x):x"_l+--- —1

1
:J P,_i(wi(m—1—0a), m; x)" wiy(m—1—a, x) dx.
1

Thus (2.15) follows. ||

LemMa 5. Ifd=0 and y>x>=0 then

(y—x)(p?+x9)

<2
d+1 d+1
y p—

X

Proof. In fact, we have
2(yd+1—Xd+l)—(y—X)(yd+Xd)=yd+l—Xd+1+xyd—xdy
=(y+x)(y=x% =0,

which is equivalent to our assertion. ||

By [2, Theorem 3.1, p.19] the polynomial 7, _;(x;¢) in ¢ given in
Lemma D has n* >n —2 real and simple zeros; hence

Tp—a(x; ) €PT_y(x). (2.18)

LEMMA 6. We have

1b:(70,_1(x; - ); x)| <ed,(x) 7, Ix|<1, i=0,1,... (2.19)
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Proof. The estimation (2.7) implies

7 (7, ()], | <ed(x)77, x| <1, i=0,1,...

Then by the recurrence relation

i—1

= — Z bv(ﬂn_l(x; : )a )C)
v=0

1 oqi i .
X{(l_v)' F[nn_l(x, t) ]t=x}’ 1—1,2, (220)

we can get (2.19), where (2.20) may be derived by Newton—Leibniz rule
from the identity

[nnfl(x; Z‘)_mﬂ:nfl(X; t)m]giix:()s l>1 I

LemMMA 7. Let  dy=max{|xp, —X;_1 |, 1Yt —Xps1nl}, 1<k<n,
Xon= —Xp41,,=1. Then for je M and i> j

|Atknm(d:u)| < d;'c_j;“jknm(dlu)a l gk < n, ne N (221)

Proof. Substituting A,(Z;, x4; t), defined by (1.6) and (2.2), into (1.3)
yields

/l,-k(d,u)zj A (e, X5 t) du(t), 0<is<m-—2, 1<k<n
R
Thus using an estimation given by the author [8, (2.22)]

[A;(Lrey X553 1)] Sd;;jAj(fkaku 1), teR,

for i> j and je M, we directly get (2.21). |

Lemma 8. Let P,(x)=P,(du, p; x) satisfy (1.1) with m replaced by
p=1 and let x,, be its zeros. Then

X1nZ X p12 X025 > X0 12 Z Xy 10> Xn_1,n—1> Xy (222)
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Proof. By the characterization theorem of L, approximation [10,
Theorem 1.11, p. 56]

J, 1PA0)1772 Pyx) g(x) dutx) =0, VgeP,
and

J, 1Paea(017 72 Py () glx) du(x) =0, Vg P, .

Thus

J, TP 2 Pyae) = 1Py 1201772 Py (2)] () ) =0,
VgeP,_,, teR. (2.23)
With the notations
J{x) =1P,(x) = P, _y(x) (224)
and

_t |LP,(x)|? 72 Po(x) = [P, 1(X)[” 72 P, y(x)
Sfdx)

W(x)

(2.23) becomes
J fAx) g(x) W(x) du(x)=0, VgeP,_,, teR (2.25)
R

It is easy to check that W(x) >0 in R. In fact, if we write W as

{sgn[1P,(x)]} [P, (x)|? ! —{sgn P, _4(x)} [P, _s(x)|?~!
{Sgn[tPn(x)]} |tPn(x)| - {Sgn Pn—l(x)} |Pn—1(x)|

and observe that [tP,(x)|> (<) |P,_,(x)| implies |[tP,(x)]?"'> (<)
|P,_1(x)]?~! (p=1) then we can assert our conclusion. In order to prove
our lemma it suffices to show that each of the open intervals (x,, X, 1, ,)
k=1, 2,.., n—1, contains one point of x; ,_;’s. Now suppose to the
contrary that there would be an interval 4=(x,,, X, ,), 1 <r<n—1,
which contains no any point of x,_,_,’s. Then both the polynomials P,(x)
and P,_,(x) are of constant sign in 4. Thus we can choose the number ¢
such that f,(x) has a zero of even order. But for this number ¢ the equation
(2.25) implies that f,(x) has at least n —1 sign changes and hence has at

Wix)=
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least n — 1 zeros of odd order. So the number of the zeros of f,(x) (counting
multiplicities) is more than n+ 1, a contradiction. |

3. PROOFS OF THEOREMS

3.1. Proof of Theorem 1
By the definition (1.4)

l 1
Doy (W, X) = QEIP}’(HI’/IZ) OO j_lQ(,)zw(t)dz. (3.1)

Then

1
() <Ay )™ [ QWP W) dt, QP ot (32)

Let PePj_(x) satisfy (2.1) with du(t) =w(t) dt. Since 4;(P, x;t)>0in R
by (1.9), according to [11, Theorem 1.21.2, p. 5] it may be written as

A;(P, x5 1) = R(1)*+ Q(1)?, R, Q€P )1

Thus by (3.2), (2.1), and (2.4)

A (P, x; 1) = R(1)* + Q(1)* < Ay, 1) fl [R(s)*+ Q(s)*] w(s) ds
1

= Lomnpp(W, 1)~ j A;(P, x;5) w(s) ds

}mn/Z(W t) jnm(w X)

<enw A1) 71 (W, X), |t < 1. (3.3)

‘jnm

Applying (2.10) j times and using the above inequality, we obtain

max |A(J)(P X; t) W(a+(1/2) ﬂ+(1/2))( )|

171 <1

<cn/max |4;(P, x; t) w @B ()| < en? T () X).

jnm
el <1 7

By (1.7) the above relation gives

W;a+(j/2),ﬁ+(j/2))( )< cen’/t lijnm(wﬂ X).
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Hence by (2.4)

i ‘jnm

(w, X) = en =/ =Y+ UR-BFURD (x) > e (w, x) 4,(x)7.

In order to prove the second half of the theorem for each i, 0 <i<m —2,
by Lemma D choose N, so large that

1
| 1 ¥ w0228 R
1

4 . .
<EwWEHID BT () xe[—1,1], neN, (34)
n

holds for every fixed integer N> N, = N,(«, f§). Put

pe 1+max0<i<m_2Ni} r:l—l—{n_l},
2 P

and
P(1) =7, _(x; 1)". (3.5)

Then 0P <p(r—1)<n—1,2p>=N,, i=0, 1, .., m—2, and hence by (3.4)

1
f P(1)? w2 B+G2)(4) gy
1

1
:f 7, (s 1) |22 W+ G218+ G2 (1) gy
—1

4 . .
< @+ DB+ U2)( )

c . ) )
S; w @ 2. BHGR2D(x), i=0,1,.,m-2, (3.6)

where ¢ = c(a, f§, m).
By the definition of 4,,,(w, x), recalling (2.18) and 0P <n— 1, it follows
from (1.8) and (3.5) that

/1 ‘jnm

(w, X) < ¢ jl (t—x)7 B,(P, x; 1) P(1)" w™P)(1) dt

—1

/ 1
<c Y |bi(P;x)] J |t — x| 7, (x; 1)P" w'P(¢) dt.
i=0 - (3.7)
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Let us estimate
1 . s
S,:f lt— x| 7, )P WP dt,  0<i<m—2—].
—1
Using (2.5), (2.8), and (3.6) we get

1
S; :J 7, _1(x; )% [t — x| K, (v, x; )]/
—1

K, (v, x; 1)pm =217
K, (v, x; x)P"=2)

w( A1) dt

1
<e | m (s PP [(1=x) 24 (1= 212+

ppim—2)—i—j

XW W(“’m(l) dt
r

i+j
i) z <l+]> | — x2)G+i=mn

1
xj 7,1 122 (1= 2)2 weP(1) di
1

i+j
=i Z <l+J> )(i+j—v)/2n—lwilot+(v/2),ﬂ+(v/2))(x)

:Cn—i—j—lwila,ﬁ)(x i <l+1> xRty {(1 —x2)1/2+1} '

n

1 i+j
=cn " Iw®P(x) | 2(1 Q24
20y

<en~'w=A(x) A, (x) .

By (2.4)
Si < C;“n(w([x’ ﬂ)r X) An(x)i+j < Cin(W, X) An(x)H—j:
which, coupled with (2.19) and (3.7), yields
j'jnm(wa x)gc}'n(mja X) An(x)js Xe[_ls 1]» JGM I

3.2 Proof of Theorem 2

The proof follows and properly modifies ideas of P. Nevai in [6]. We
break the proof into three claims.
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Claim 1. 0,=¢%.
By (1.3), (2.2), and (2.3) with du(¢) =w(¢) dt

1
| =) Aol 33 )W) e = (1= X)) Zy g0, 1),
1
On the other hand, by the definition of 4,,_, , .(wi(1),x) with the
notation (2.13) we have
1

1
[ =0 ot xis 0w di= [ Ay (4, x50 will, 1) di
1

— —1
>;”m72,n,m(wl(1)9 xl)'

Hence

(1 _xl) )"m—Z, n, m(ws xl) >j‘m—2,n,m(wl(1)’ xl)'

By (1.11) we get
(1=x)"2>,
n
or equivalently,

01 27.
n
Claim 2. 0, ,,—0,<%,k=0,1, .., n
We shall deal with the case when x;, ;> —1/2, the case when x, ;<

—1/2 can be treated similarly.
By (2.9), (2.3), and (1.11) (Agp :=2¢, n41:=0)

X
|7 Wy de <o s+ 20

Xk +1

c 1 20 +1 1 20+ 1

<t {7 amnea L
n n n

Meanwhile

fx" w(t) di > jxk (1—1)"dt

Xk+1 Xk +1

c
:oc—l—l [(1_xk+l)a+1_(1_xk)a+l]‘
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Thus

(1—=xp ) = (1T —xp)* ™!
c s 1 200+ 1 . 1 20+ 1
<= (1 =xpy )P4 | (1 =x )24+~ . (3.8)
n n n

We distinguish two cases.

Case 1. k=0.
If (1—x,)Y2<1/n then sin(60,/2) <1/n and hence 0, < ¢/n; for otherwise
(3.8) with k=0 implies

c
(1 _xl)oc+l <= (1 _xl)oc+(1/2),

S

which again gives (1 —x,)"?< ¢/n and hence 0, < c/n.

Case 2. k>0.

By Claim 1 (3.8) implies

(1= ) = (L= 0™ < (L= )2 o (1 =+ 02,
n

which becomes

0 9 C 0 9
s 2042 Vk+1 c20+2 Yk Do+ k+1 a0+ k
n

Thus for > —1/2 by Lemma 5 with d =20+ 1

0 0
(Or 41— 01) <sin2°‘+1 %—i— sin?*+1 2")

O 1= 0, <
0 0
n<sin2a+2 k2+1—sin2“+22k>
< (O +1—01) _ 2c <f’
n<sin0k+1—sin0k> ncos 0%
2 2

where 0* € (0,/2, 0,,1/2) and hence cos 0* > ¢;.
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If « < —1/2 then by Lemmas 3, 4, and 8 with notation (2.13)

Orn(wi( = (1/2) =) = O1r(w1(0)) = Oy (w1 (=1 — 1))
=0k —1,n—1(wy(m—1—a))
Z Ok —1,n—1(wi(=(1/2) =)
Z Ok —1,/(Wi(—=(1/2) —a))

and hence by the previous conclusion
¢
Ok s1,n— Orn < Or 1, w1 (—(1/2) =) = Op _y n(w1(—(1/2) — 1)) <;~

Claim 3 0k+l_0k>%7k:1’ 2,...,7[—1.
By (2.2) with du(t) = w(z) dt, (2.11), and (2.12) for |x| <1 — (¢, /n?)

|AY (L, x5 x)| (1 —x2) w=P(x)

1
<an A O] (L= 2) 2 1)

1
< cnzj 1 Aol X3 1) W Pt) dt

1
<cen? j Aol X3 1) w(2) dt = cn®Agpm(W, X))
—1
and hence by Claim 2

| A0(Zies X163 ) < e Zop( W, X, (1 —x2) "L w®P(x) 7

<en(1—x2)71"2 xel[Xpi1 Xl
Meanwhile
1= Ao(lies Xie5 Xi) — Ao lies Xie3 Xge 1) = (X — X i1) Aol X5 €)
Sen(xg— X4 )(1=E) 72 <en(ovg — x4 ) (1 —x7) 712,
that is,

c(1—x3)'?

X —Xpp12
n
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Hence

. csin 6
(sin 0%)(0y o1 —01) = . ., 0* € (O, Or 1)

Thus by Claim 2 we conclude 0, ., —0,=¢. 1

3.3. Proof of Theorem 3
By Theorems 1 and 2 it suffices to show the sufficiency. (1.17) implies

(1.19) and

1
(1=23,) "2~ (1 =x3,) 24 (3.9)

Suppose without loss of generality that 1 >x>0. Let x e [x,, ; ,, X,] and
yelx, 110 Xm] With —1 <y <x. By (2.9), (1.11), (1.19), and (3.9)

x Xin r+1
J w(t) dt<f w(t) dt <Y, Agym(W)
y Xr4ln v=k
¢ r+1 1 20 +1
<- 1— 12 4, —
RIS
r+1 x
<c z (l_xvn) (xvn_xv+1,n)_)cj (l_t)adt
v=k ¥y

as n— oo. That is
f w(1) dz<cj (1—1)*d.
y y
Since y is arbitrary, by mean value theorem for integrals we get
w(x)<ce(l —x)*<e(1—x)*(1 —x)5

Similarly, again by (2.9), (1.11), (1.19), and (3.9) as n —> o

r

rw(t)dt>f wnyde= Y AOW,,,,(W)—lex(l—t)“dt.

y X v=k+1 y

Xk+1,n

Hence w(x)=c (1 —x)*=c,;(1 —x)*(1+x)%. |

3.4. Proof of Theorem 4

The first formula in (1.20) directly follows from (1.11) and (2.3); the
second one follows from the first one, (1.19), and (2.21). ||
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